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Background for Accelerator Simulation
Techniques

Modern Computational Accelerator Physics USPAS J y 2015 2/7



Lagrangian and Hamiltonian Dynamics

Disclaimer: the next few sections are mostly courtesy of Robert Ryne's
lecture notes.

@ Lorentz force equations. For a particle of charge g and mass m,
they are given in MKSA units by

d ﬁmech
dt

where V is the particle’s velocity, and where E and B are the electric and
magnetic field, respectively.

e The quantity p™" denotes the mechanical momentum,

which is given in Cartesian coordinates by

James Amundson (Fermilab) Modern Computational Accelerator Physics USPAS January 2015 3/7



Lagrangian and Hamiltonian Dynamics (2)

@ For a charged particle in electromagnetic fields,

L=-mc*\/1— 32 —qyp+qv-A,

—

where (X, t) and A(X, t) are the scalar and vector potentials,
respectively.

@ The canonical momentum,
pi, is conjugate to the generalized coordinate, g;,
e
pi = 87(7,
e The Hamiltonian H(q, p, t) is related to the
Lagrangian, L(q, g, t) according to

H(67ﬁa t) = ZP:Q: - L.
i
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Lagrangian and Hamiltonian Dynamics (3)

@ Hamilton's equations are given by

. 8H  _ OH
4= P 9q;
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t-Dependent vs. z-Dependent Dynamics

@ Integrating by t through an accelerator turns out to be very
inconvenient.

@ Introduce

@ Invert to obtain p, as a function
of (X7 an.yapya t7 pt) and z.

@ Define

K(X7 Px, Y, py7 t7Pt; Z) = —pz.
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t-Dependent vs. z-Dependent Dynamics (2)

@ Then
OK oK
! /
= — = —— ]_
T op 0 T T 1)
oK oK
! /
= — = —— 2
Y=o, o dy (2)
oK oK
tl = — / = ——
ape Pe= "¢ (3)

where a prime denotes d/dz.

@ K is the new Hamiltonian with z as the independent variable.

K(X, Px,¥s Py, tpeiz) = — [(pe + qip)?/c? — m?c?

—(px — qAX)2 —(py — qu)2]
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